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Abstract
In Advances in Mathematical Physics (2011) we showed that the weighted shift zp d
p+1
dzp+1
(p = 0, 1, 2, .....) acting on classical Bargmann space Bp is chaotic operator.
In Journal of Mathematical physics (2014), we constructed an chaotic weighted shift M∗
p
M
p+1
(p = 0, 1, 2, .....) on some lattice Fock-Bargmann Eαp generated by the orthonormal basis
e(α,p)m (z) = e
α
m;m = p, p+ 1, ..... where
eαm(z) = (
2ν
π
)1/4e
ν
2
z2e−
pi
2
ν
(m+α)2+2ipi(m+α)z ;m ∈ N with ν, α are real numbers; ν > 0,
M is an weighted shift and M∗ is the adjoint of the M.
In this paper we study the chaoticity of tensor product M∗
p
M
p+1 ⊗ zp dpdzp+1 (p = 0, 1, 2, .....)
acting on Eαp ⊗ Bp. ♦
Keywords: Weighted shift unbounded operators; tensor product operators,
chaotic operators; Fock-Bargmann spaces.
MSC 2010: 47B36, 47B37
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1. Introduction and action of M∗
p
Mp+1⊗ zp dp+1
dzp+1
on Eαp ⊗Bp
Let z = x+ iy; z ∈ C and ν > 0, α are fixed real numbers.
We consider the space
Oα(C) = {φ : C→ C entire; ψ(z +m) = e2iπαmeν(z+m2 )mψ(z),∀z ∈ C,∀m ∈ N}
and the Hilbert space
E
α = {ψ ∈ Oα(C);
∫ ∫
[0,1]×R
| ψ(z) |2 e−ν|z|2dxdy <∞} (1.1)
with inner product,
< ψ1, ψ2 >Eα=
∫ ∫
[0,1]×R
ψ1(z)ψ2(z)e
−ν|z|2dxdy (1.2)
and norm,
|| ψ ||Eα=
√∫ ∫
[0,1]×R
| φ(z) |2 e−ν|z|2dxdy (1.3)
This space is a particular case of (Γ, χ)-theta Fock-Bargmann spaces recently
constructed by Ghanmi-Intissar in [9] where it is showed that
eαm(z) = (
2ν
π
)1/4e
ν
2
z2e−
pi2
ν
(m+α)2+2iπ(m+α)z ;m ∈ N (1.4)
is orthonormal basis of Eα. ♦
Remark 1.1 (fundamental)
The explicit construction of orthonormal basis (1.4) of Eα play a fundamental
role to know if an operator acting on Eα (in which the polynomials are dense), can
be represented as a weighted backward shift. ♦
On Eα, we considered in [14] the weight backward shift operator M defined by
Meαm = γm−1e
α
m−1,m ∈ N; Meα0 = 0 where γm = cαe
2pi
ν
m and cα = e
pi
ν
+2α and
we showed the chaoticity of the operator M∗
p
M
p+1; p = 0, 1, 2, ... on Eαp where
- Eαp = {φ ∈ Eα;φ(0) = φ′(0) = ....φp−1(0) = 0, an orthonormal basis of this
space is given by
e(α,p)m (z) = e
α
m(z);m = p, p+ 1, .... (1.5)
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- M∗ is adjoint of M
and
M
∗p
M
p+1eα,pm (z) = γm−1[
p∏
j=1
γm−1−j ]2eαm−1(z) (1.6)
e.g the operator M∗
p
M
p+1 verifies the conditions of the following definition
Definition 1.2
A linear unbounded densely defined operator (T,D(T)) on a Banach space X
is called chaotic or Devaney chaotic if the following conditions are met:
1) Tn is closed for all positive integers n.
2) there exists an element ψ ∈ D(T)∞ whose orbit Orb(T, ψ) = {ψ,Tψ,T2ψ, .....}
is dense in X where D(T)∞ = ∩∞n=0D(Tn); such a vector ψ is called a hypercyclic
vector for T, the name hypercyclic was motivated by the concept of a cyclic vector
from operator theory. In other words, there is no proper closed T-invariant subset
of X containing ψ.
3) the set {ψ ∈ X;∃ m ∈ N such that Tmψ = ψ} of periodic points of operator
T is dense in X. ♦
In the sequel of this paper, the orbit and the set of periodic points of operator
M
∗p
M
p+1 are denoted by Orbα and Uper,α respectively (they are dense in E
α
p ). ♦
Now let Bp (p = 0, 1, ....) be the classical Bargmann space defined as a subspace
of the space O(C) of holomorphic functions on C such that
Bp = {φ ∈ O(C);φ(0) = φ′(0) = ....φp−1(0) = 0 and < φ, φ >Bp<∞} (1.7)
where the pairing <,>Bp is given by
< φ1, φ2 >Bp=
∫
C
φ1(z)φ2(z)e
−|z|2dxdy (1.8)
for all φ1, φ2 ∈ O(C) and Lebesgue measure dxdy on C. ♦
It is easy to verify that the pairing (1.8) defined on the Bargmann space Bp
(p = 0, 1, ....) is an inner product and the associated norm is
|| φ ||Bp=
√∫
C
| φ(z) |2 e−|z|2dxdy (1.9)
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Now, we can used a theorem of Weierstrass to show that any Cauchy sequence
in Bp has a limit φ ∈ O(C) and we check that φ ∈ Bp and indeed is the limit of the
Cauchy sequence in the norm || . ||Bp of Bp induced by the inner product. These
steps show that the space Bp is complete and we have
i) The classical Bargmann space Bp is a Hilbert space.
ii) An orthonormal basis of Bp is given by
epn(z) =
zn√
n!
;n = p, p+ 1, .... (1.10)
On Bp which is the orthogonal of span {epn;n < p} in Bargmann space[3]
B0 = {φ : C→ C entire ;
∫
C
| φ(z) |2 e−|z|2dxdy} (1.11)
with its usual basis:
en(z) =
zn√
n!
;n = 0, 1, .... (1.12)
We considered in [15] the annihilator operator ddz defined by
d
dz
en = ωn−1en−1, n ∈ N; e−1 = 0 where ωn =
√
n+ 1 and we showed the
chaoticity of the operator zp d
p
dzp+1
; p = 0, 1, 2, ... where z is adjoint of ddz and
zp
dp
dzp+1
epn(z) = ωn−1[
p∏
j=1
ωn−1−j]2e
p
n−1(z) (1.13)
e.g the operator zp
dp
dzp+1
verifies the conditions of the definition 1.2 ♦
In the sequel of this paper, the orbit and the set of periodic points of operator
zp d
p
dzp+1 are denoted by Orbp and Uper,p respectively (they are dense in Bp).
E
α
p and Bp are two Hilbert spaces then the tensor product of E
α
p and Bp is a new
Hilbert space Eαp ⊗ Bp.(see, e.g.,[28, Theorem 3.12(b)]). ♦
The reader is referred to Schatten [27] for the theory of cross-spaces and Kubrisly
[20] for a concise introduction to tensor product of bounded operators or to Reed-
Simon [23] for tensor products of closed operators on Banach spaces.
Below we list a few remarks concerning properties of tensor products, which we
will use in the sequel. ♦
Define the elementary elements of the space Eαp ⊗ Bp as pairs of ψ ∈ Eαp and
φ ∈ Bp and written as ψ ⊗ φ where
4
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ψ ⊗ φ:Eαp × Bp → C
(f, g)→ ψ ⊗ φ(u, v) =< ψ, u >Eαp< φ, v >Bp (1.14)
ψ⊗φ is called single tensor product and we observe that the single 0⊗0 coincides
with ψ ⊗ 0 and 0⊗ φ and the natural map (ψ, φ)→ ψ ⊗ φ is not injective.
For λ ∈ C, one identifies λ(ψ ⊗ φ) = (λψ)⊗ φ = ψ ⊗ (λφ), and considers formal
sums of vectors of these elementary vectors. One takes the inner product of two
elementary vectors in Eαp ⊗ Bp as the product of the corresponding inner products,
< ψ1 ⊗ φ1, ψ2 ⊗ φ2 >Eαp⊗Bp=< ψ1, ψ2 >Eαp . < φ1, φ2 >Bp (1.15)
One extends this definition by linearity to finite sums of mn elementary vectors
Φ =
m∑
i=p
n∑
j=p
aijψi ⊗ φj , where amn ∈ C
Let Ψ =
m′∑
k=p
n′∑
l=p
bklψi ⊗ φj , where bm′n′ ∈ C
The inner product of two such vectors Ψ and Φ must be linear in Ψ and conju-
gate linear in Φ
Thus the inner product must have the form:
< Ψ,Φ >Eαp⊗Bp=
m∑
i=p
n∑
j=p
m′∑
k=p
n′∑
l=p
cijckl < ψk, ψl >Eαp . < φm, φn >Bp (1.16)
The condition that this form make Eαp ⊗Bp into a pre-Hilbert space is the state-
ment that 0 ≤< Ψ,Ψ >Eαp⊗Bp , with vanishing only possible if Ψ = 0. In other words,
the form (1.8) is positive definite on (Eαp ⊗ Bp)× (Eαp ⊗ Bp). In this case, the alge-
braic tensor product Eαp ⊗ Bp is a pre-Hilbert space that can be completed to a
Hilbert space that we call Eαp ⊗ Bp. ♦
In this work as eαm ∈ Eαp is an orthonormal basis of Eαp and epn ∈ Bp is an or-
thonormal base of Bp then e
α
m ⊗ epn is an orthonormal basis for Eαp ⊗ Bp.
Now let be tow linear operators T1 with domain D(T1) on E
α
p and T2 with do-
main D(T2) on Bp respectively, we define the tensor product operator T1 ⊗ T2 of T1
and T2 on E
α
p ⊗ Bp by:
(T1 ⊗ T2)(ψ ⊗ φ) = (T1ψ)⊗ (T1φ), (1.17)
ψ ∈ D(T1) and φ ∈ D(T2)
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and extends this definition by linearity to all of D(T1)⊗D(T1). As a consequence
by adapting Theorem 7.18 in [8] to unbounded operators we get,
i) (T1 ⊗ T2)(T ′1 ⊗ T
′
2) = (T1T
′
1)⊗ (T2T
′
2) (1.18)
on D(T1T
′
1)⊗D(T1T
′
1)
ii) (T1 ⊗ T2)∗ = (T ∗1 ⊗ T ∗2 ) (1.19)
on D((T1 ⊗ T2)∗) ∩D(T ∗1 )⊗D(T ∗2 )
iii) (T1 ⊗ T2)∗(T1 ⊗ T2) = (T ∗1 T1)⊗ (T ∗2 T2) (1.20)
on D((T1 ⊗ T2)∗(T1 ⊗ T2)) ∩D(T ∗1 T1)⊗D(T ∗2 T2).
The matrix elements of T1 ⊗ T2 in the basis {eα,pm ⊗ epn} can be expressed in terms
of the matrix elements of T1 in the basis {eα,pm } and T2 in the basis {epn}. ♦
In this paper we are concerned with the problem of preserving properties of
chaoticity by tensor product of weighted shift M∗
p
M
p+1 on Eαp with weighted shift
zp d
p
dzp+1
on Bp.
Remark 1.3
We cannot use the machinery developed by Reed-Simon [23] because the opera-
tors T1 := M
∗p
M
p+1 and T2 := z
p dp
dzp+1
have empty resolvent sets on Eαp and Bp
because their spectrum σ(T1) = σ(T2) = C.
Then we show in next section that the operator T1 ⊗ T2 verifies the conditions
of definition 1.2 of the chaoticity on Eαp ⊗ Bp. ♦
2. On the chaoticity of M∗
p
Mp+1 ⊗ zp dp+1
dzp+1
on Eαp ⊗ Bp
In this section, following [14] and [15] we recall that the operators T1 := M
∗p
M
p+1
and T2 := z
p dp
dzp+1
are chaotic on Eαp and on Bp respectively and we are concerned
with the problem of preserving of this property by tensor product of T1 and T2. ♦
The study of the phenomenon of hypercyclicity originates in the papers by Birkoff
[5] and Maclane [21] that show, respectively, that the operators of translation and
differentiation, acting on the space of entire functions are hypercyclic.
The theories of hypercyclic operators and chaotic operators have been intensively
developed for bounded linear operator, we refer to [2, 7, 10, 11, 12, 13] and ref-
6
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erences therein. ♦
Remark 2.1
i) For a bounded operator, Ansari asserts in [1] that powers of a hypercyclic
bounded operator are also hypercyclic.
ii) In [25] Salas asserts that Weighted backward shifts constitute an important
class of operators which is the favorite testing ground for hypercyclicity and charac-
terizes hypercyclicity of weighted backward shift Tω acting on
lp = {(xn)∞n=0 ∈ C;
∞∑
n=0
| xn |p<∞} (1 ≤ p < +∞ or p = 0) (2.1)
where Tω is defined by:
Tω(x0, x1, x2, ......) = (ω1x1, ω2x2, ω3x3, ......) (2.2)
where (ω1, ω2, ω3, ......) is a sequence of numbers.
then
a) Tω is well defined and continuous if and only if (ωi)
∞
i=1 ∈ l∞
b) Tω is hypercyclic on lp if and only if Supn∈N
∞∏
i=1
ωi =∞. ♦
In [22], Martinez-Gimene`z and Peris assert, on universality and chaos for ten-
sor products of bounded weighted backward shift operators, the following proposition
Proposition 2.2 [22]
Let 1 ≤ p; q ≤ ∞ and let Tω : lp → lp; T̟ : lq → lq be two bounded weighted
backward shifts. Then Tω ⊗ T̟ : lp ⊗ lq → lp ⊗ lq is hypercyclic on lp⊗ lq if and only
if Supn∈N
∞∏
i=1
| ωi̟i |=∞. ♦
Remark 2.3
The tensor product of two hypercyclic operators is not necessarily hypercyclic.♦
It is sufficient to take the pair of weights shifts defined by
Tω(x0, x1, x2, ......) = (2x1,
1
2
x2,
1
2
x3, 2x4, 2x5......) (2.3)
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and
T̟(x0, x1, x2, ......) = (
1
2
x1, 2x2, 2x3,
1
2
x4,
1
2
x5......) (2.4)
so by using the characterization of Salas [25] we deduce that Tω and T̟ are hy-
percyclic. Clearly Supn∈N
∞∏
i=1
| ωi̟i |= 1 for all n ∈ N and by the above proposition,
we obtain that Tω ⊗ T̟ is not hypercyclic. ♦
Remark 2.4
i) For an unbounded operator, Salas exhibit in [24] an unbounded hypercyclic
operator whose square is not hypercyclic.
ii) Let B the classical Bargmann space with orthonormal basis
{en = zn√n! ;n = 0, 1, ...
Define the lowering and raising operators A and A∗ as
Aen =
√
nen−1 , Aen = 0 (lowering operator) (2.5)
A
∗en =
√
n+ 1en+1 , (raising operator) (2.6)
a) It is well known that the annihilator operator A acting on classical Bargmann
space is chaotic see [15] but A∗A and A∗ + A are not chaotic where A∗ is the creator
operator.
b) So it is well known that the operators A∗A2 and A∗A2+A∗2A acting on clas-
sical Bargmann space Bp ; p = 0 are chaotic see [6].
Then
there exist some operators T1 and T2 acting on Bargmann space such that T1
is chaotic and T2 is not chaotic with T1 + T2 is chaotic, it suffices to take T1 =
A
∗
A
2 and T2 = A
∗2
A. An complete scattering analysis on A∗A2 + A∗
2
A acting on
Bargmann space is given in [17].
or
T1 and T2 acting on Bargmann space such that T1 is chaotic and T2 is not
chaotic with T1 + T2 is not chaotic, it suffices to take T1 = i(A
∗2
A + A∗A2) with
i2 = −1 and T2 = A∗A. An complete spectral analysis is given in [18] and [19].
8
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c) The polynomial operators P (A∗,A) acting on classical Bargmann space are an
excellent laboratory for the study the phenomenons of hypercyclicity or of chaoticity.
d) Generally it is observed that many properties of concept of tensor universality
criterion for a sequence of bounded operators are not applicable to a sequence of
unbounded operators, in particular to our operators.
The above results show that one must be careful in the formal manipulation of
operators with restricted domains. For such operators it is often more convenient to
work with vectors rather than with operators themselves. ♦
We will denote by D(T1)⊗D(T2) the set of linear linear combinations of vectors
of the ψ ⊗ φ where ψ ∈ D(T1) and φ ∈ D(T2).
As D(T1) and D(T2) are dense in E
α
p and in Bp respectively then
D(T1)⊗D(T2) is dense in Eαp × Bp.
We define T1 ⊗ T2 by (T1 ⊗ T2)(ψ ⊗ φ) = T1ψ ⊗ T2φ (2.7)
and extend by linearity. ♦
Lemma 2.5
i) The operator T := T1 ⊗ T2 = M∗pMp+1 ⊗ zp dp+1dzp+1 is closable.
ii) For each positive integer k, the operator Tk is a closed. ♦
Proof
i) Let Φ ∈ D(T1)⊗D(T2) and Psi is any vector in D(T∗1)⊗D(T∗2), then
< T1 ⊗ T2Φ,Ψ >=< Φ,T∗1 ⊗ T∗2Ψ >
so
D(T∗1)⊗D(T∗2) ⊂ D((T1 ⊗ T2)∗)).
As T1 and T2 are closable, D(T
∗
1) and D(T
∗
2) are dense.
Therefore, in this case (T1 ⊗ T2)∗ is densely defined which proves that T1 ⊗ T2
is closable.
ii) As Tk := [M∗pMp+1 ⊗ zp dp+1
dzp+1
]k is a closed if and only if its graph G(Tk) is
a closed linear manifold of Eαp ⊗ Bp × Eαp ⊗ Bp.
9
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Let (fn,T
kfn) be an sequence witch converges to some (f, g) in E
α
p⊗Bp × Eαp⊗Bp.
We want to show that f ∈ D(Tk) and g = Tkf . To see this, it suffices to take
fn of the form fn = ψn ⊗ φn where
ψn ⊗ φn: Eαp × Bp → C
(u, v)→ ψn ⊗ φn(u, v) =< ψn, u > + < φn, v > (2.8)
Then
ψn ⊗ φn converges to some ψ ⊗ φ in Eαp ⊗ Bp.
In particular ψn(z) converges to ψ(z) in C and φn(z
′) converges to φ(z′) in C.
As Tm1 and T
k
2 are closed, then we deduce that
< Tk1ψn, u >→< Tk1ψ, u > ∀ u ∈ Eαp (2.9)
and
< Tk2ψn, v >→< Tk2ψ, v > ∀ v ∈ Bp (2.10)
and
< Tk1ψn, u >< T
k
2ψn, v >→< Tk1ψ, u >< Tk2ψ, v > ∀u ∈ Eαp ,∀v ∈ Bp (2.11)
Now as Tk = Tk1 ⊗ Tk2 we deduce from (2.11) that
T
k(ψn ⊗ φn) converges to Tk(ψ ⊗ φ) then ψ ⊗ φ ∈ D(Tk) and g = Tk(ψ ⊗ φ). ♦
Remark 2.6
a) In the proof of i), we observe that if two unbounded operators are closable then
their tensor product is closable also. e.g the property to be closable is preserved by
tensor product.
b) We can exhibit a closed operator whose square is not. For example, the oper-
ator acting on L2[0, 1] × L2[0, 1] defined by
T(u, v)(x) = (v′(x), f(x)v(0)) with domain D(T) = L2[0, 1] ×H1[0, 1] (2.12)
where v′(x) is the derivative of v(x) and f is a function in H1[0, 1] with f(0) = 1,
H1[0, 1] is the classical Sobolev space.
10
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Then T, is a closed operator and D(T2) = D(T), where D(T2) is the domain
of T2 but the operator T2 is not closed and has not closed extension.This operator
can, for example, justify the first assumption of the Definition 1.2 for the unbounded
linear operators. ♦
Sufficient conditions for the hypercyclicity of an unbounded operator are given in
the following Be`s-Chan-Seubert theorem:
Theorem 2.7 (Be`-Chan-Seubert [4])
Let X be a separable infinite dimensional Banach, and let T be a densely defined
linear operator on X. Then, T is hypercyclic if
i) Tk is a closed operator for all positive integers k
ii) there exists a dense subset F of the domain D(T) of T and a (possibly non-
linear and discontinuous) mapping S : F → F so that TS is the identity on F and
T
k,Sk → 0 pointwise on F as k → +∞. ♦
In [14] and [15] we showed that T1 := M
∗p
M
p+1 and T2 := z
p dp
dzp+1
are chaotic
on Eαp and on Bp in particular they are hypercyclic.
We verify now that the operator T = T1 ⊗ T2 = M∗pMp+1 ⊗ zp dp+1dzp+1 on Eαp ⊗ Bp
satisfies the hypercyclicity criterion, as quoted above. ♦
Lemma 2.8
Let T1 = M
∗p
M
p+1 with domain D(T1) = {ψ ∈ Eαp ;T1ψ ∈ Eαp} where
T1e
α,p
m = γ
α,p
m e
α,p
m−1 with γ
α,p
m = γm−1[
∏p
j=1 γm−1−j ]
2; γm = cαe
2pi
ν
m and
cα = e
pi
ν
+2α for m ≥ p ≥ 0
and
T2 = z
p dp+1
dzp+1
with domain D(T2) = {φ ∈ Bp;T2φ ∈ Bp} where
T2e
p
n = ωnpe
p
n−1 with ω
p
n =
√
n+ 1 n!(n−p)! for n ≥ p ≥ 0
Then
T = T1 ⊗ T2 with domain D(T) = D(T1)⊗D(T2) is hypercyclic. ♦
Proof
11
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Let Fα = {ψk =
k∑
m=p
ame
α,p
m } and F = {ψk =
k∑
n=p
bne
p
n} these spaces are dense in
E
α
p and Bp respectively.
Let S1,p : Fα → Fα defined by S1,peαm,p =
1
γ
α,p
m
eαm+1,p;m ≥ p ≥ 0
and
S2,p : F→ F defined by S1,peαm =
1
ω
p
n
e
p
n+1;n ≥ p ≥ 0
then
T1S1,p = IEαp and T2S2,p = IBp (2.13)
a) As Tk1e
α
m,p = 0 for all k > m ≥ p and Tk2epn = 0 for all k > n ≥ p we deduce
that any element of Fα can be be annihilated by a finite power km of T1 and any
element of F can be be annihilated by a finite power kn of T2
b) Since as [
km+m∏
j=m
γ
α,p
j ]
−1 and since as [
kn+n∏
j=n
ω
p
j ]
−1 we get


S1,pe
α
m,p = [
km+m∏
j=m
γ
α,p
j ]
−1eαk+m,p → 0 in Eαp
S2,pe
p
n = [
kn+n∏
j=n
ω
p
j ]
−1epk+n → 0 in Bp
(2.14)
Now let S = S1,p ⊗ S2,p and G = Fα ⊗ F which is dense in Eαp ⊗ Bp then
from (2.13) we deduce that
TS = I|Fα⊗F (2.15)
⋃
As the single tensor 0 ⊗ 0 coincides with eαm ⊗ 0 and 0⊗ epn then for all k >
Min(m,n) ≥ p in particular for k > Max(m,n) ≥ p we have Tkeαm,p ⊗ epn = 0.
then from (2.14), we deduce that any element of G can be annihilated by a finite
power km,n = Max(km, kn) of T and
Skm,neαm,p ⊗ epn = [
km,n+m∏
j=m
γ
α,p
j ]
−1[
km,n+n∏
j=n
ω
p
j ]
−1eαk+m,p ⊗ epn → 0 in Eαp ⊗Bp (2.16)
Now, the hypercyclicity of T follows from the theorem of Be`s et al. recalled above.
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Lemma 2.9
Let T = T1 ⊗ T2 with domain D(T) = D(T1)⊗D(T2) where
T1 = M
∗p
M
p+1 with domain D(T1) = {ψ ∈ Eαp ;T1ψ ∈ Eαp}
T2 = z
p dp+1
dzp+1
with domain D(T2) = {φ ∈ Bp;T2φ ∈ Bp}
Then
There exist k > 0 and g ∈ D(Tk) such that Tkg = g. ♦
Proof
Let (λ, µ) ∈ C2 and
gλ,µ = e
α
p,p ⊗ epp +
∞∑
m=p+1
∞∑
n=p+1
λm−pµn−p
(γα,pp ...γ
α,p
m−1)(ω
p
p...ω
p
n−1)
eαm,p ⊗ en (2.17)
Then gλ,µ ∈ D(T) and it is an eigenvector of T associated to eigenvalue λµ
In fact
Let r > 0 and | λµ |< r then | λ |< r and | µ |< r
Now, as
Lim
m−1∏
j=p
γ
α,p
j = +∞ , m→ +∞ (2.18)
and
Lim
n−1∏
j=p
ω
p
j = +∞, n→ +∞ (2.19)
then there exist m0, n0 ∈ N, q < 1 and q′ < 1 such that
r
(γα,pp ...γ
α,p
m−1)
1
m
≤ q for m ≥ m0 (2.20)
and
r
(ωpp...ω
p
n−1)
1
n
≤ q′ for n ≥ n0 (2.21)
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As | λ |< r and | µ |< r, we deduce that
| λ |m−p
(γα,pp ...γ
α,p
m−1)2
≤ q2m and | µ |
n−p
(ωpp...ω
p
n−1)2
≤ q′2n for m ≥ m0, n ≥ n0 respectively.
As {eαm,p ⊗ epn} is orthonoramal basis and
∞∑
m=p+1
∞∑
n=p+1
| λ |m−p| µ |n−p
(γα,pp ...γ
α,p
m−1)2(ω
p
p...ω
p
n−1)2
<
(qq′)p+1
(1− q2)(1− q′2)
then gλ,µ ∈ Eαp ⊗Bp.
Now as
< gλ,µ, e
α
p,p ⊗ epp >Eαp⊗Bp= 1
< gλ,µ, e
α
k+1,p ⊗ epk+1 >Eαp⊗Bp=
λm−pµn−p
(γα,pp ...γ
α,p
m−1)(ω
p
p...ω
p
n−1)
(2.22)
we get
|< gλ,µ, eαk+1,p ⊗ epk+1 >Eαp⊗Bp |2=
λ2(m−p)µ2(k−p)
(γα,pp ...γ
α,p
k )
2(ωpp...ω
p
k)
2
(2.23)
and
|< gλ,µ, eαk+1,p ⊗ epk+1 >Eαp⊗Bp |2 (γα,pk )2(ωpk)2 =
| λ |2(k−p)| µ |2(k−p)
(γα,pp ...γ
α,p
k−1)2(ω
p
p...ω
p
k−1)2
(2.24)
and
|< gλ,µ, eαk+1,p ⊗ epk+1 >Eαp⊗Bp |2 (γα,pk )2(ωpk)2 ≤ (qq′)2k | λµ |2 (2.25)
Then we deduce that gλ,µ ∈ D(T)
Now as T = T1 ⊗ T2 then
Tgλ,µ = T1 ⊗ T2gλ,µ = λµgλ,µ (2.26)
Therefore gλ,µ is the eigenvector of T corresponding to the eigenvalue λµ and it
is a periodic point of T where λµ is root of unity. ♦
Lemma 2.9
The set of periodic points of T is dense in Eαp ⊗ Bp.
Proof
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Let Uper,α ⊂ Eαp and Uper,p ⊂ Bp be the sets of periodic points for T1 and T2 re-
spectively.
Let Uper = Uper,α ⊗ Uper,p which is a subset of set of periodic points of T. As T1
and T2 are chaotic then Uper,α and Uper,p are dense in E
α
p and Bp respectively hence
Uper is a dense subspace of E
α
p ⊗ Bp. In particular, The set of periodic points of T
is dense in Eαp ⊗ Bp.
Now, the chaoticity of T follows from the above lemmas.
We would like to finish this work with the following remark
Remark 2.10
Let z = (z1, ........., zj , ...., zn) ∈ Cn; zj = xj + iyj ∈ C, 1 ≤ j ≤ n
B = {φ : Cn → C entire;
∫
Cn
| φ(z) |2 e−|z|2
n∏
j=1
dxj
n∏
j=1
dyj < +∞}
Ajφ =
∂
∂zj
φ with domain D(Aj) = {φ ∈ B;Ajφ ∈ B}, 1 ≤ j ≤ n
A
∗
jφ = zjφ with domain D(A
∗
j) = {φ ∈ B;A∗jφ ∈ B}, 1 ≤ j ≤ n
T =
n∑
j=1
A
∗
j(Aj + A
∗
j)Aj with domain D(T) = {φ ∈ B;Tφ ∈ B}
Bj = {φj : C→ C entire;
∫
C
| φj(zj) |2 e−|zj |2dxjdyj < +∞}
As B = ⊗nj=1Bj we can to write T under the following form
T = ⊕nj=1Tj where Tj = I1 ⊗ ......⊗ Aj ⊗ ....⊗ In
We observe that T is neither bounded nor self adjoint operator and as the direct sum
of two hypercyclic operators is not in general a hypercyclic operator, indeed, Salas
[26] showed that there exist hypercyclic operators T1 and T1 such that the direct sum
T1 ⊕ T2 is not hypercyclic.
We will give in another paper a comparison of chaoticity of direct sums with chaotic-
ity of tensor products for these operators acting classical Bargmann space or for the
operators acting on generalized Fock-Bargmann space like those definite in [16].
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